1IOSR Journal of Mathematics (IOSR-JM)
e-ISSN: 2278-5728, p-ISSN: 2319-765X. Volume 10, Issue 6 Ver. Il (Nov - Dec. 2014), PP 32-41
www.iosrjournals.org

D-Optimal Designs for Third-Degree Kronecker Model Mixture
Experiments with an Application to Artificial Sweetener
Experiment

Gregory Kerich*', Joseph Koske', Mike rutto®, Betty Korir’, Benard Ronoh?,

Josphat Kinyanyui’, Peter Kungu’

"Department of Mathematics and Computer Science, Moi University, P.O. Box 3900, Eldoret (Kenya),
’Department of Mathematics and Computer Science, University of Eldoret, P.O. Box 1125, Eldoret (Kenya),
’Department of Mathematics, Statistics and Acturial Science, Karatina University, P.O. Box 1957, Karatina

(Kenya),

Abstract: This study investigates some optimal designs in the third degree Kronecker model mixture
experiments for non-maximal subsystem of parameters, where Kiefer’s functions serve as optimality criteria.
Based on the completeness result, the considerations are restricted to weighted centroid designs. First, the
coefficient matrix and the associated parameter subsystem of interest using the unit vectors and a
characterization of the feasible weighted centroid design for a maximal parameter subsystem is obtained. Once
the coefficient matrix is obtained, the information matrices associated with the parameter subsystem of interest
are generated for the corresponding factors. We apply the optimality criteria to evaluate the designs.
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I.  Introduction
Many practical problems are associated with investigation of a mixture of m factors, assumed to
influence the response only through the proportions in which they are blended together. The m factors, ty, t, ...,

tnare such that t>0 and subject to the simplex restriction Z t, = 1.
i=1
The definitive text by Cornell (1990) lists numerous examples and provides a thorough discussion of
both theory and practice. Early seminar work was done by Scheffe’ (1958, 1963) who suggested and analyzed
canonical model forms when the regression function for the expected response is a polynomial of degree one,
two or three.

Let 1,,=(1, ..., 1)'6 R"™ be the unity vector. Thus the experimental conditions

t=(t;, t, .. tn) with t>0 of a mixture experiments are points in the probability simplex
’ ’

T, ={t=(, t,, ... t,)el0, 1]":1, t=1}.

Under experimental conditions? €7, the experimental response Y, is taken to be a scalar random
variable. Replications under identical experimental conditions or responses from distinct experimental

conditions are assumed to be of equal (unknown) variance o’ and uncorrelated. The work done by Draper and
Pukelsheim (1998) is being extended to polynomial regression model for third-degree mixture model, whereby
the S-polynomial and the expected response takes the form

EY]=f@0)0 =210+ D 06.0,+D D D O bl oo, )
i=1 i<j i<j<k

and when the regression function is the homogeneous third-degree K-polynomial, the expected response takes

the form

m

EIV]=f(0=33

i=l j=l1 k=1

Dbt 1,0, = (I®I®1) O oo, 1))

1

3
in which the Kronecker powers ¢° =(t®t®t), (m3 x1) vectors, consists of pure cubic and three-
way interactions of components of t in lexicographic order of the subscripts and with evident that third-degree
restrictions are giik :9‘/;;' = Qiik = 91,(1 :9/@' = Hk/‘i for all i, j, and k.

L
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All observations taken in an experiment are assumed to be uncorrelated and to have common variance 6> € (0,
).

Draper and Pukelsheim (1998) put forward several advantages of the Kronecker model, for example, a more
compact notation, more convenient invariance properties and the homogeneity of regression terms.

The moment matrix M (7) = j f(@®)f(t)dr for the Kronecker model of degree three has all entries

homogeneous of degree six. This matrix reflects the statistical properties of a design t.

Pukelsheim (1993) gives a review of the general design environment. Klein (2002) showed that the
class of weighted centroid designs is essentially complete for m>2 for the Kiefer ordering Cheng, S. C. (1995).
As a consequence the search for optimal designs may be restricted to weighted centroid designs for most
criteria. For particular criteria applied to mixture experiments Kiefer (1959, 1975, and 1978) and Galil and
Kiefer (1977).All these authors have concentrated their work on the second degree Kronecker model. Korir et al
(2009) extended the work to Third degree Kronecker model simple designs .The present work now determines

optimal designs for a maximal subsystem of parameters in the third degree Kronecker model. TheKeifer’s ¢ Y

functions will serve as optimality criteria.

1.1Design problem
Considercanonical unit vectors in Ri.e. e e, ...., en and set e= @ e ® ¢ , ej= & ® ¢ e for
<<k, i,j,k={12, ..., m}.
Defining the matrix
K =(K,;K,) e R
Where,

m
_ '
Kl = Zeiii € >
i=l

and

Further define
L=(K'K)"'K'

So that
C,(M(r))=LM(z)L'

3
As is evident from model equation (2), the Kronecker model’s full parameter vector & € R”" is not
estimable. When fitting this model, the parameter subsystem considered in this study can be written as

(aiii)léiém
K'O= 1 m m e R forall @ € R
3 Z(eiij +0iji +0jii)+ Z(eijk)
R Y ijkd
i#] i#j#

where K € R0+

The parameter subsystem K '@ of interest is a non-maximal parameter system in model (2).
The amount of information a design t contains on K’6 is captured by the information
matrix C, (M (7)) = min{LM (r)L'}; RV

The information matrix C,(M(t)) is the precision matrix of the best linear unbiased estimator for K'6

under design t, Pukelsheim (1993, chapter 3). In the present case information matrices for K'6€ takes a
particular simple form:

C, M@)) = (K'K)'K'M(£)KK'K)"! € NND(m+1)
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Thus the information matrices for K’0 are linear transformations of the moment matrices.

1.2 Optimality Criteria

The most prominent optimality criteria in the design of experiments are the determinant criterion,¢0 s
the average-variance criterion, @ _; the smallest eigenvalue criterion, @ , and the trace criterion, ¢, . These are a
particular cases of the matrix means ¢ , with parameter p € [-00;1].

The optimality properties of designs are determined by their moment matrices (Pukelsheim 1993,
chapter 5). We compute optimal design for the polynomial fit model, the third degree Kronecker model. This

involves searching for the optimum in a set of competing moment matrices. The matrix means ¢p which are
information functions (Pukelsheim (1993)) we utilized in this study.
The amount of information inherent to C,(M( 7 )) is provided by Kiefers ¢ Y -criteria with Cy(M(1)) € PD (m+1).

These are defined by:
Ain (C) i p=—o

$,(C) = det(C)" if p=0
éjtraceCp]p if  pe[-x;1]\{0}

for all C in PD (m + 1), the set of positive definite (m + 1)>< (m + 1) matrices, where A yin(C) refers

to the smallest eigenvalue of C. By definition ¢ , (C) is a scalar measure which is a function of the eigenvalues

of C for all p€[-00;1]. ( Pukelsheim 2006, chapter 6). The class of ¢p -criteria includes the prominently used

T-, D-, A- and E-criteria corresponding to parameter values 1, 0, -1 and -oo respectively.
The problem of finding a design with maximum information on the parameter subsystem K'€@ can now be
formulated as follows;

Maximize ¢p (CkM(1))) witht€ T
Subject to Cy(M(x)) € PD (m +1)

Theorem 1.0
Let & € T, be the weight vector of a weighted centroid design 77(¢r) which is feasible for K'@and

let O(X)be a set of active indices. Furthermore let Ci=Ci(M( n;) ) for j=(1, 2, ..., m) for all p&(-%0;1].
Then7(@) is ¢p —optimal for K'@in T if and only if;

=traceC,(M(n(a)))?  for all jed(a)

traceC;Cy (M (n(a))” ™!
<traceCy (M (n(a))?  otherwise

Klein (2002).
Weighted centroid designs are exchangeable, that is, they are invariant under permutations of ingredients.

1.3 Optimal Weighted Centroid Designs

mn
A convex combination,?](O{)ZZajﬂj, with o =(a,,....,a, ) €T, , is called a weighted

n o

J=1

centroid design with weight vector & restricted by Zai =1. These designs were introduced by Scheffe’
i=1
(1963). Weighted centroid designs are exchangeable, that is they are invariant under permutations Klein (2002).
Klein (2002) summarized the work by Draper and Heiligers (1999) and Draper, Heiligers and
Pukelsheim (2000) by putting forward an idea that affirms the importance of weighted centroid design for the
Kronecker model. The researcher proved that, in the second degree Kronecker model for mixture experiments
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with m > 2 ingredients, the set of weighted centroid designs is an essentially complete class. That is, for every
p €[-00;1] and for every design 7 € T there exists a weighted centroid design 77 with

(B, o Cp o M)(17) 2 (), > C, o M)(7).
Thus for every design 7 € T there is a weighted centroid design 77 whose moment matrix M(77) improves
upon M( 7 ) in the Kiefer ordering Draper, Heiligers and Pukelsheim (1998).

Under the Kiefer ordering, we say a moment matrix M is more informative than a moment matrix N if
M is greater than or equal to some intermediate matrix F under the loewner ordering, and F is majorized by N
under the group that leaves the problem invariant:

M>>N <> M>>F <N for some matrix F.

For the information matrix obtained, we show that the matrix is an improvement of a given design in
terms of increasing symmetry, as well as obtaining a larger moment matrix under the Loewner ordering. These
two criteria show that the information matrix obtained is Kiefer optimal for K> &, the parameter subsystem of
interest.

1.4 Information Matrices

Information matrices for subsystems of mean parameters in a classical linear model are derived.
First,the coefficient matrix, K,is obtained, which will be used to identify the linear parameter subsystems
K' @ of interest .Hence this will be utilized in generating the associated information matrices Cy for m factors.
The information matrices so obtained will be useful in obtaining the optimality criteria. As an illustration the
information matrices for three factors can be derived as follows:

1.4.1Information matrices for three ingredients
The information matrix for three ingredients for a mixture experiment is given by

[ 32, + a, a, a,
96 192 192 16
o, 320, +a, a, a,
C, = C,(M(n(a))) = 192 96 192 16
a, a, 2a,+a, «a,
192 192 96 16
a, a, a, 9,
16 16 16 16

Proof
First the coefficient matrix, K, for m=3 is derived as follows

3
i " _ 1 1 1
K, = Zeiiiei = €116, 1€,,,e, +e3356; , and
i=1

1 3 3
K, =1 Z(eiij te; +ejii)+ Z(eijk) =€ ten e Te e ey,
3 - = k=1
li:é_j li:tj:tk
Tey 1T €y, 1€y, H ey T3, T €5y,
Fes3 T €331 €331 €33, T €355 1 €53
Tl t €5 Ty 31 ey T3, T 65,
1 0 0
Deﬁne,eil‘j :ei ®€i ®ej,eijk :ei ®€J ®eki,j:1,2,3 , el = 0 , 62 = 1 ,and 63 = 0
0 0 1
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L=(K'K)'K'
1 0000OO0O0OO0OO0OO0OO0OOOOOOOOOOO0OO0OO0OO0OO0O®O0OO
_000000000000010000000000000
10 0o 00000DO0DO0OO0OO0OO0OOOOOOOO0OOO0OO0O0 0 1
o1111r1r17r11111r1o01111111T1111TT1SF2®0
For the design 77, , the information matrix is given by
o -
- 0 0 O
3
0 1 0 0
Ci=LM(m)L'=|" 3 =Co(M ()
0 0 1 0
3
100 0 0
While that of design 77, is given by
(1111
9% 192 192 16
1 1 11
C,=LM(n)L' =192 96 192 16 1— ¢, (M(n,))
192 192 96 16
i 1 1.9
L16 16 16 16|
32 va, @ LI
96 192 192 16
& eta, @ x
_ _ 192 96 192 16
Co=CM@n=| 2 o naia o
192 192 96 16
% % % Ya,
L 16 16 16 16 |

This is the desired information matrix for three ingredients.

1.6 D-optimal weighted centroid designs
We derive optimal weighted centroid designs for the determinant criterion, ¢, that is, D-optimality

criteria. The D-criterion has an important property in optimal designs because it minimizes the variance and the
covariance of the parameters estimates.

1.6.1D-optimal design for m=3 ingredients
In the third-degree Kronecker model for mixture experiments with three ingredients the unique D-

optimal design for K'6 is
n(a™)=an, +a,n, =0.7474373094n, +0.2526269067, .
The maximum value of the D-criterion for K'6@ in three ingredients is

v(¢g,) =0.216665662 .

Proof

For p =0, we have that 77(@x) is @, —optimal for K'O in T if and only if
traceC jC(O[)_l = traceC(a)O =tracel, for all je{l,2}.
Therefore for j=1
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192, + a, a, a, -1

3a,(64a, + ;) 3o, (64a, +a,) 3a,(640,+a,) 9¢
a, 192, +a, a, -1

CC, ' =|3a,(64a, +a,) 3a,(64a, +a,) 3a,(64a, +a,) 9a,
a, a, 192a, + a, -1

3a,(64a, + ;) 3a,(64a, +a,) 3a,(640,+a,) 9¢
0 0 0 0

and

trace C,C(a)" = 192¢, +«, N 192, +«, N 192, + ,
3a(64a, +a,) 3o,(64a,+a,) 3o,(64a, +a,)
traceC; =tracel , = 4.
Thus
trace C,C(a)”' =tracel , <> o ra, | 4
a,(6da, +a,)
which reduces to
25207 —187 ¢, —1=0
Solving this polynomial together with &, + &, =l yields
o, =—-0.005309602 or ; = 0.747373094
We take &, =0.747373094 sincex, € (0,1) .

For j=2

a b ¢ a 3b ¢ a 3b ¢ c d
—t—t— —t—t— —t—t— —+—
96 96 16 192 192 16 192 192 16 48 16
a 3b ¢ a b ¢ a 3b ¢ c d

— - = 4= 4=
C.C7' = 192 192 16 96 96 16 192 192 16 48 16
27k a 3 ¢ a 3b ¢ a b ¢ c d

—t—t— —+—+— —+—+— —+—
192 192 16 192 192 16 96 96 16 48 16
a 2b 9c a 2b 9c a 2b 9 3¢ 9
—+ =+ = = = =+
16 16 16 16 16 16 16 16 16 16 16
192a, + a -1 l16a, +
a= 1 2_ b= 2 , C= andd = ———"%,
a,(64a, +a,) a,(64a, +a,) 3a, 9a,a,
and
traceCzC(cJt)_l:i+£+i+i+£+i a, b ¢ 3
96 96 16 96 96 16 96 96 16 16 16
a b 6c 9d
=—t—t—+—
32 32 16 16
B 1920!1 +(Z2 + ay _ 6 + 9(160{1 +0!2)
320!1(64(114‘612) 32&1(64&1-1‘0{2) 486‘(1 16><9a10l2
_ 10240y +48ay
16&2 (64&1 +0[2)
Thus

1024¢, +48a,
l6a, (64, + ;)

=4, which reduces to

traceCzC(a)_l =tracel, <

25202 —317a, +64=0
Solving this polynomial together with &, + &, =l yields
a, =1.0053096020r o, = 0.252626906

192, +«,

=——=—an
o,(64a, +a,)
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We take &, =0.252626906 sincer, € (0,1).
Implying that, the unique D-optimal weighted centroid design for K'€# in m=3 ingredients is

()Y = oy, + oy, = 0.747373094n, +0.2526269067, as required.

From Pukelsheim (1993), the maximum value of the D-criterion is obtained as

v(d,) = (det[C(a)]ﬁ , where, 5 = (m+1).

For m =3, we have v(¢,) = (det[C(a)])%.

the information matrix for a design with three ingredients is given by

e ta, @ o @
96 192 192 16
& ate, & &
— - 192 96 192 16
Ck - Ck (M(n(a))) - ﬂ & 32a1 + 052 &
192 192 96 16
% % & %
L 16 16 16 16 |

Substituting for the values of &, and &, we get
0.251755894 0.001315765 0.001315765 0.015789181
1 0.001315765 0.251755894  0.001315765 0.015789181
*10.001315765 0.001315765 0.251755894 0.015789181
0.015789181 0.015789181 0.015789181 0.142102634
and Det[C, ] = 0.002220374.

Hence the optimal value of  the D-criterion for K'6 in three ingredients

1 1
isv(g,) = (det[C(a)])+ = (0.002220374 )4 = 0.216665662

1.8 D-optimal design for m ingredients
Theorem 1.2

In the third -degree Kronecker model for mixture experiments with 72 > 2 ingredients, the unique D-
optimal design for K'6 is
D)y —
n@™)=an, +a,n,.
where,

(31m? —32m +4) +~/(961m* —1860m> +1028m> —384m +256)
oy = ,
! 2(m+1)(31m —30)

_ (3lm® +34m—64) - JO61m* —1860m> +1028m> —384m +256)
2(m+1)(31m —30) '
The optimal value of the D-criterion for K6 in m > 2 ingredients is

2%)

V() = (det C(a)): = Yaa, (32('" —Da, +(m-2)a, J

16m 32m(m—1)

Proof

Let @ =(¢,,,,0,...,0)" €T, be a weight vector with A(«) = {1,2} and suppose 77(<) is D-optimal for
K'0 inT. LetC(a) =C, (M (n(a))).

Equation implies that for p=0,
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trace(C.C) =" ace(C(@)")  for je{1,2}
j <trace(C(a)’) otherwise

From equation (4), any matrix C € Sym(s, H) can be uniquely represented in the form

aU,+bU, ¢V
¢= cV’ dﬂ ’

m
with coefficients @, b,c,d € R .
Furthermore, any given symmetric matrix C € Sym(s), can be partitioned according to the block structure of
matrices in H , that is

C — (Cl,l CI2J ,
C12 C22
withC,, € sym(m),Cy, € R and C,, € R'Klein (2004).

For j =1, we have

traceC\C;, (05)_1 =traceC (a)o =tracel
where

a b c
- —U,+—=-U, —V
CC@" =m T wm |

0 0
32m(m -, +(m—-2)a, b (m-2)a, -1

, b= ,and ¢ = —
oy [32m—Dey +(m=2)a,]" [32(m—Day, +(m—2)a, ] 3o

where, a =
giving,
4 a b a )
trace(C,C, ()" ) =trace] —U, +—U, |+0=trace—U,, since trace(U,) = mand
m m m

trace(U,) =0

Therefore,

trace(C,C,(a)") = {m 32m(m—1a, +(m-2)a, }

ma,[32(m -, +(m-2)a, |
_ 32m(m -, +(m-2)a,

a,[32(m-Da, +(m-2)a,]

Also for m factors, tracel, = (m+1), where s = (m + 1).

Thus

traceC,C;, (05)_1 =traceC (a)o =tracel,

32m(m—-Da, +(m-2)a, —(m+1).
o [32(m -, +(m—-2)a, ]

This reduces to

(m+1)(31m—-30)a —(31m* —32m+4)ar, —(m—2) =0

Solving this polynomial together with &, + &, =l yields

_ (31m? 32m+4) ++/(961m* —1860m> +1028m> —384m +256)
B 2(m+1)(31m—30)

a; a,€(0]).

Similarly,
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a"U,+b"U, "V
-1 _ r
CZCk (a) - CWV! dmﬂ
m
where, a™ = (m - 1)(m - 2) ’ p" = - (m - 2) ’ o= 1
m[32(m e, +(m—-2)a,] m[32(m —)a, +(m—2)at, | 3ma,
andd'" — L
o,
Hence

[32(m Ve, +(m-2a,])
__ (m=Dm-2) 1
C[B2(m-Da, +(m-2)a,]  «

lrace(czck(a)—l):{m( (m—l)(m—z) ]_}_L}
m

Therefore,
(m—1)(m-2) +i=(m+l),

-1 _ 0:
traceC,Cy (o) ~ =traceC(a)” =tr acels,<:>[32(m_1)a1+(m_2)a2] a,

which reduces to
(m+1)(31m—30)a3 —(31m* +34m—64)a, +32(m—1)=0
Solving this polynomial together with &, + &, =1 yields

_ (3lm® +34m —64)—~/(961m* —1860m> +1028m> — 384m +256)
- 2(m+1)(31m —30)

the information matrix for a design with m factors is given by

ay a, €(01).

320{1 +a, a, 30(2
1 + 2
C(a)=a,C, +a,C, =| 32m 32m(m—1) 16m”
3“2 V! 96{2 VV
l16m 16 m

Hence the optimal value of the D-criterion for K'€ in m > 2 ingredients is

1
9a,a, ((32(m—De, +(m—2)a, " | ™
16m 32m(m—1)

W) = (det C@)): = {

where,

_ (31m? 32m+4) ++/(961m* —1860m> +1028m> —384m +256)

al )
2(m+1)(31m—30)
(31m? +34m—64) —/ (961m* —1860m> +1028m> —384m + 256)
o~ =
2 2(m+1)31m—30)
ands = (m + 1).

A. Numerical Example Using Artificial Sweetener Experiment Of Three Components Mixture
Experiment

The D optimal design for three factors can now be applied to three factor numerical example .In these
study only pure blends and binary blends are considered where the average score is the response.

Consider the following simplex centroid design for three ingredients as the initial design.
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Design DOintS tl tg t3 average score
1 1 0 0 10.40
2 0 1 0 6.16
3 0 0 1 3.90
1 1
4 — — 0 1497
2 2
1 1
— 0 —
5 2 2 12.17
1 1
0 — -
6 2 2 1227

Where t|=glycine,t,=saccharin and t;=enhancer

[
(w] V’—‘ (]
—_ uO (e
>
Il
O —N | —
l\)l»—‘uOl\JI»—‘

N = —o

Implying that, the unique D-optimal weighted centroid design for K'@ in m=3 ingredients is

(') = oy, + oy, = 0.7473730947, +0.2526269067, a5 shown  above.  Therefore  the

corresponding D-optimal for the above designs is as follows.

Design points t) t ts
1 0.747373094 0 0
2 0 0.747373094 0
3 0 0 0.747373094
4 0.126313453 0.126313453 0

0.126313453 0 0.126313453
5

0 0.126313453 0.126313453
6
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